We report on the existing connection between power-law distributions and allometries. As it was first reported in [PLoS ONE 7, e40393 (2012)] for the relationship between homicides and population, when these urban indicators present asymptotic power-law distributions, they can also display specific allometries among themselves. Here, we present an extensive characterization of this connection when considering all possible pairs of relationships from twelve urban indicators of Brazilian cities (such as child labor, illiteracy, income, sanitation and unemployment). Our analysis reveals that all our urban indicators are asymptotically distributed as power laws and that the proposed connection also holds for our data when the allometric relationship displays enough correlations. We have also found that not all allometric relationships are independent and that they can be understood as a consequence of the allometric relationship between the urban indicator and the population size. We further show that the residuals fluctuations surrounding the allometries are characterized by an almost constant variance and log-normal distributions.
Introduction
There has been a remarkable and growing interest in investigating social systems through the framework of statistical physics over the last decades [1, 2, 3, 4, 5, 6] . The majority of these studies are however focused on models and proprieties that often resemble those of phase transitions [2] . Despite its evident importance, considerably less and uneven attention has been paid towards working out empirical data related to social systems. For instance, empirical-driven investigations on financial markets [7, 8] are much more abundant than those related to urban systems. Furthermore, since more than a half of the human population lives in urban areas [9, 10] , it is crucial to identify and understand patterns of urban systems.
Among several properties of urban systems, there are two which are remarkable and ubiquitous: the emergence of asymptotic power-law distributions and allometries for wide range of variables that somehow characterize the urban systems (urban indicators or metrics). On one hand, population [11, 12] , building sizes [12] , personal fortunes [13] , firm sizes [14] , number of patents [15] , and other indicators have been found to asymptotically follow power-law distributions. On the other hand, allometries with the population size have been reported for crime [16, 17, 18] , suicide [19] , several urban metrics including patents, gasoline stations, gross domestic product [20, 21, 22] , number of election candidates [23] , party memberships [24] , among others. These allometries were recently modeled by Bettencourt [25] via a small set of simple and locally-based principles. However, it was only recently that the connection between these two features was elucidated by Gomez-Lievano et al. [26] .
In their work, they have shown, for the relationship between homicides and population, that when both urban indicators are asymptotically distributed as power laws, these urban indicators can also exhibit a particular allometric relationship. More specifically, the exponent of the allometry can be fully determined from the exponents of the power-law distributions.
Here, we aim to empirically extend these results through an extensive characterization of all possible pairwise relationships from 12 urban indicators of Brazilian cities. Our results
show that the connection proposed by Gomez-Lievano et al. also holds for our data when there is enough correlation in the allometric relationship. We also discuss that not all allometric exponents are independent and that, in fact, the allometries between pairs of urban indicators can be understood as a consequence of the allometric relationship between the urban indicator and the population size.
This work is organized as follows. We first describe our database. We next investigate 2 the hypothesis that these urban indicators are asymptotically distributed as power laws by employing the statistical procedure proposed by Clauset et al. [27] . Then, we characterize all possible allometric relationships between pairs of urban indicators by accounting for the degree of correlation between them. We thus discuss that when enough correlation in the allometry exists, the allometric exponent can be determined from the power-law exponents of the distributions of urban indicators. We also discuss that the constant behavior of the variance of the fluctuations surrounding the allometries and the log-normal distribution of these residuals are consistent conditions for the applicably of the connection between power laws and allometries. Finally, we present a summary of our findings.
Data Presentation
We have accessed data of Brazilian cities in the year of 2000 made freely available by the Brazil's public healthcare system -DATASUS [28] . In particular, for our analysis, we select 2862 cities (about 51% of Brazilian cities) for which all values of the urban indicators were available. The database is thus composed of twelve urban indicators Y i at city level.
They are: total population (i = 0), number of cases of child labor (i = 1), population older than 60 years (i = 2), female population (i = 3), gross domestic product -GDP (i = 4), GDP per capita (i = 5), number of homicides (i = 6), number of illiterate older than 15 years (i = 7), average family income (i = 8), male population (i = 9), number of sanitation facilities (i = 10), and number of unemployed older than 16 year (i = 11). More details about these urban indicators can be found in the Refs. [28, 18] . It is worth noting that, despite there being more than one definition for the concept of city [29] , we here have considered that cities are the smallest administrative units with a local government, and it is beyond the scope of this work to discuss the role of other definitions.
Methods and Results
We start our investigation by testing the hypothesis that the 12 urban indicators are distributed according to asymptotic power laws. In order to do so, we first evaluate the 3 cumulative distribution functions for all urban indicators. As shown in fig. 1 , the shapes of the distributions can be approximated by asymptotic power laws
], evidenced here by the linear behavior (in log-log plots) of the distributions for large values of urban indicators. To strengthen this result, we employ the statistical procedure proposed by Clauset et al. [27] , which is a systematic way for statistically testing empirical power-law distributions. Due the discrete nature of most of our urban indicators, we have considered the discrete version of the procedure. In this case, we apply the maximum-likelihood fitting procedure by considering the probability distribution function
where In this case, after removing the cities with the 10 largest values, the power-law hypothesis cannot be rejected. It is worth noting that, for testing the multiple hypothesis that all urban indicators are asymptotically power-law distributed, we need to consider (for instance) the Bonferroni correction [30] . For our case, it implies in assuming a significance level of 0.05/12 for each hypothesis testing (for confidence level of 95%). Still, we cannot reject the asymptotic power-law hypothesis for all urban indicators (except by number of homicides).
Despite the good agreement, we note that the power-law fits hold only for the tails of the empirical distributions, that is, for a small fraction of the entire dataset. In order to describe not only the tails of these distributions, some authors have employed other functional forms 4 such as the log-normal [31] and the stretched exponential [32] distributions. For our data, these two distributions have failed to describe the entire dataset. Because our main goal is to investigate the connection between power laws and allometries, we will concentrate on the tails of these distributions, for which we have verified that the 12 urban indicators can be modeled by asymptotic power laws, confirming our initial hypothesis and also in agreement with previous reports based on other countries data [20, 21, 22] .
We now focus on the question of whether the power-law distributions for urban indicators imply in allometric relationships between pairs of indicators. As we have mentioned, this question was first posed in the work of Gomez-Lievano et al. [26] when investigating the relationships between population size and number of homicides. The following analytical developments are only a revision of the results present in their article. Gomez-Lievano et al. proposed that if the shape for the allometry is well established, we can write
where P i (Y i ) is the probability distribution of the urban indicator Y i and P i,j (Y i | Y j ) is the conditional probability representing the fluctuations surrounding the allometry between the indicators Y i and Y j . We already know that P i (Y i ) has the power-law form of the eq. (1) and following empirical findings (details will be provided soon on), we will assume that the conditional probability is a log-normal distribution
in which µ i,j (Y j ) and σ 2 i,j (Y j ) represent possible dependences of the log-normal parameters on the indicator Y j . In particular, because we are also assuming that there exists an allometry
if we consider the standard deviation not dependent on Y j (that is, σ that all distributions display asymptotic power-law decays which are well described by power-law functions (see methods section of Ref. [26] for details), we have
Now, remembering that
, we can write the relationship between the allometric 6 exponent (β i,j ) and the power-law exponents (α i and α j ) as
It is worth noting that the same relationship could have been obtained by using
However, when doing this calculation we also have to assume that the allometry between Y i and Y j is an exact expression (not displaying any randomness), which is not the case as we shall see.
The developments of Gomez-Lievano et al. [26] thus analytically prove that when the urban indicators present power-law distributions, they can also display allometric relationships with particular exponents. In order to empirically test this result, we investigate all possible allometries between pairs of urban indicators in our data. Specifically, we have analyzed all these relationships by considering the logarithm of the urban indicators and by adjusting (via ordinary least square method) the linear function
to all of them. Here A i,j = log 10 A i,j is an empirical constant and β i,j . We have further characterized the quality of these allometries by calculating the Pearson correlation coefficient ρ i,j for the linearized allometric relationships (that is, log 10 Y i versus log 10 Y j ), which is displayed in fig. 3 through the color code. We note that the majority of the relationships present ρ i,j values larger than 0.5 (≈ 70%). However, we also observe two systematic exceptions: the allometries with urban indicators GDP per capita and income. The reason for this deviant behavior is related to the fact that these 
Secondly and, importantly, when we have that
Linear function (b) 
to our data, considering all possible pairs of relationships between log 10 Y i and log 10 Y j , but excluding the indicators elderly population, female population, male population and sanitation, since they form an almost perfect linear relationship with the population. Thus, every b i,j statistically different from zero indicates that log 10 Y j presents an explanatory potential for describing log 10 Y i , which is not related to its own relationship with log 10 Y 0 .
In table 1 We observe that there is no clear dependence in these relationships and that the behavior can be approximated (roughly for some allometries) by a constant function, where the plateau value changes from indicator to indicator. Finally, to study the log-normal hypothesis, we evaluate the normalized fluctuations surrounding the linearized allometric relationships, that is,
where log 10 Y i w stands for the window average value of log 10 Y i . Figure 5(b) shows the cumulative distribution of ξ i,j for all our urban indicators. We observe that these distributions are in well agreement with the standard Gaussian. Therefore, if ξ i,j is normally distributed,
(which represents the fluctuations in the usual scale) should follow a log-normal distribution, confirming our initial hypothesis and also connecting the surrounding fluctuations to multiplicative processes [18] . Analogous to the allometric exponents, not all these 
Summary
We presented an extensive characterization of the connection between power-law distributions and allometries by considering 12 urban indicators from Brazilian cities. We initially verified that these 12 indicators are distributed as power laws via a rigorous statistical analysis. Next, we revisited the calculations of Gomez-Lievano et al. [26] for showing that, under certain hypotheses, the power-law distributions of the urban indicators can be related to the allometries between them. We empirically verified the predictions of those calculations and also whether the necessary hypotheses hold or not. In particular, we verified that the relationship between the power-law exponents and the allometric exponents is satisfied in most of the cases and that an additional condition is the quality of the allometry, measured here by Pearson correlation. We also argued that the allometric exponents are not independent of each other but, in fact, allometries between pairs of indicators (Y i and Y j with i, j = 0)
can be understood as a consequence of the allometric relationship of each one with the population size (Y 0 ). We further confirmed the two hypotheses underlying the calculations 13 of Gomez-Lievano et al., that is, the constant behavior of the variance and the log-normal distributions of fluctuations surrounding the allometries. We thus believe that our empirical investigation contributes to consolidate the connection between power-law distributions and allometries and also reveals additional conditions underlying this relationship.
